
ON T H E  S T A B I L I T Y  O F  S E C O N D A R Y  T A Y L O R  F L O W  
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In a genera l  fo rmula t ion ,  the p r o b l e m  of the s tab i l i ty  of sma l l  pe r tu rba t ions  in a h o m o g e n e -  
ous v i scous  fluid between ro ta t ing  cy l inders  with a wide gap is inves t iga ted  numer i ca l ly .  

The p r o b l e m  of the s tabi l i ty  l imi t s  of a l a m i n a r  v i scous  flow between ro ta t ing  cy l inders  has  been  in -  
ves t iga ted  by many  au thors  s t a r t i ng  with Tay l o r .  The ca lcula t ions  w e r e  c a r r i e d  out ini t ia l ly under  the a s -  
sumpt ion  that  the cy l inder  rad i i  a r e  app rox ima te ly  ident ical ,  which in tu rn  p e r m i t t e d  approx ima t ion  of the 
ve loc i ty  d is t r ibu t ion  in the s teady flow e i ther  by a constant  o r  by a l inear  function. A s u r v e y  of the methods  
used  to solve the p r o b l e m  in the above-men t ioned  approx ima t ion  is p r e s e n t e d  in [1], where  the ma jo r i t y  of 
solut ions r e f e r  to the case  of cyl inder  ro ta t ion  in one d i rec t ion .  The init ial  T a y l o r  method,  consis t ing in 
the expansion of the solut ion in or thogonal  functions and in obtaining the c h a r a c t e r i s t i c  equat ion in the fo rm 
of  an infinite d e t e r m i n a n t  is a l so  elucidated in [1]. 

The ideas  of  the T a y l o r  method were  extended and developed in [2], in which the cu rva tu re  of the un -  
p e r t u r b e d  flow ve loc i ty  prof i le  was  taken  into account  and n u m e r i c a l  r e s u l t s  we re  obtained for  the ra t io  
between the cyl inder  rad i i  R1 /R  2 = 1 / 2  in a sma l l  range  of va r i a t i on  of the i r  angula r  ve loc i t i e s .  

A thorough ana lys i s  of expe r imen ta l  inves t iga t ions  on this p rob l em is p r e sen t ed  in [3], in which graphs  
a r e  given of the s tab i l i ty  for  e x p e r i m e n t s  with both a smal l  and a wide gap between the cy l inders .  In the 
l a t t e r  c a se ,  a c o m p a r i s o n  with exis t ing  theore t i ca l  computa t ions  is p r e s e n t e d  [2]. I t  is noted that  the e x -  
p e r i m e n t s  we re  conducted in a s ignif icant ly  b r o a d e r  range  of va r i a t ion  of the cyl inder  angula r  ve loc i t i es  
than the ca lcu la t ions ,  and that  there  is no s a t i s f a c t o r y  m a t h e m a t i c a l  desc r ip t ion  of the comple te  v i scous  
p r o b l e m  for  the case  of cy l inders  ro ta t ing  opposi te ly .  

I t  is  hence  expedient  to use  f in i te -d i f fe rence  methods  to solve this p rob l em.  The p a p e r s  [4, 5] can 
be noted in this  a r e a .  

A neut ra l  cu rve  is  computed  in [4] p robab ly  for  the outer  cy l inder  at  r e s t  and the r a t io  R I / R  2 = 1 / 2  
(these data a r e  not p r e s e n t e d  in the paper ) .  

A g r e a t  vo lume of calcula t ional  w o r k  to d e t e r m i n e  the s tabi l i ty  cu rve s  for  a b road  range  of va r i a t ion  
in the ra t io  R i / R  2 is p r e s e n t e d  in [5]. The p ro b l em of de t e rmin ing  the e igenvalues  with r e s p e c t  to the 
Reynolds  c r i t e r i o n  is solved in this  p a p e r  by using the R u n g e - K u t t a  method on a f in i t e -d i f fe rence  m a t r i x  
equat ion app rox ima t ing  the initial  s y s t e m  of s ix f i r s t  o r d e r  equations for  the neut ra l  pe r tu rba t ions  with un-  
d e t e r m i n e d  p a r a m e t e r s  for  p a r t  of the boundary condit ions.  

We used  the method of n u m e r i c a l l y  de t e rmin ing  s e v e r a l  of  the f i r s t  e igenvec to r s  and the i r  c o r r e -  
sponding e igenva lues ,  e lucidated in [6], to solve this p r o b l e m ,  where  the e igenvalue p rob l em is posed  r e -  
la t ive  to the exponent ~ in the exponential  dependence of the solut ion on the t ime .  The advantage of  this 
method  is that  i t  p e r m i t s  obtaining a p ic tu re  of the s t r e a m l i n e s  of the poss ib le  s table  s econda ry  flows 
d i rec t ly ,  which a r e  de sc r ibed  by s t r e a m  functions as  components  of the f i r s t  e igenvec to r  co r r e spond ing  
to the z e r o - t h  m a x i m u m  eigenvalues  of  the p ro b l em.  

1. Le t  us cons ide r  v i scous  fluid flow between cy l inders  of the rad i i  R 1 , R 2 ro ta t ing  a t  the angular  
ve loc i t i e s  21, ~22. The subsc r ip t  1 r e f e r s  to the inner ,  and the s u b s c r i p t  2 to the ou te r  cy l inder .  The 
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Fig. i .  Stability graphs for  the ra t io  R 2 / R  1 = 2 (a) :of the cyl inder  
radi i :  the dashed line cor responds  to the Rayleigh stabil i ty c r i t e r i on  
for  the inviscid ease  ~21/~ 2 = 1 ~ / t ~  = 4, the dash-dot  line c o r r e -  
sponds to stabil i ty accord ing  to the exper imenta l  r e su l t s  of Donelly [3]; 
and the points co r r e spond  to the computation; I is instabil i ty and II is 
s tabil i ty (b is the same but in a l a r g e r  scale) .  

cyl inders  a re  not bounded along the z axis .  The possible secondary  Tay lo r  flows a re  assumed per iodic  
along the z axis with the wave p a r a m e t e r  M and independent of the angle. Then the invest igat ion of the 
stabil i ty of these flows in a l inear  approximat ion (see [1], Chapter  2) r educes  to solving a sys tem for the 
smal l  per turba t ion  ampli tudes of the s t r e a m  function r (T, r) and the veloci ty  component v ( , ,  r ) :  

0r 
1 (L - -  M~-) 2 ~p - -  (L - -  M") 0r 

1 Ov 
R--e (L - -  M 2) v - -  0-~- ----- 2aM~b, (1) 

r 0r 
= - -  = = v ~ 0  for r = : l ,  R,JAR. 

Or 

The sys tem (1) is wr i t ten  in d imensionless  quanti t ies,  where  AR = R 2 - R  l ,  AREal, 1/~21 a re  taken as  
cha rac t e r i s t i c  units fo r  the length,  v e l o c i t y ,  and t ime,  r espec t ive ly ,  

F r o m  purely  computational considera t ion (see [6]) it  is expedient  to rep lace  the sys tem (1) by a s y s -  
tem of th ree  second o r d e r  equations by introducing an auxi l iary  function according to the re la t ionship  

(L - -  M 2) q2 (% r) = ~ (% r). (2) 

Using (2), le t  us wr i te  the sys tem (1) in m a t r i x  form 

AX--B~0X = 0 ,  X = X ( r  ~, v), 
0, 

~ 1 A = e (L--M2) --2Mr , 

under  the same boundary conditions.  

B 1 
0 

(3) 

If  we separa te  var iab les  in (3), we then obtain a problem to de te rmine  the eigenvalues  in the follow- 
ing form 

A X - - k B X = 0 ,  ~p= d~p____v=0 for r = l ,  RJAR, (4) 
dr 

where  the components of the vec to r  X in this equation a re  ftmctions only of the coordinate  r .  

2. I f  the build-up method is used in the numer ica l  de te rmina t ion  of  the e igenveetors  of the problem 
(4) according to [6], the f in i te -d i f ference  problem approximating the sys tem (3) can be wr i t ten  as 
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Fig.  3 
Fig .  2. Dependence of the c r i t i ca l  wave number  M* on the 
r ad ius  of the nodal point r 0. 

Fig .  3 .  Ampli tude c h a r a c t e r i s t i c s  of  the s t r e a m  function 
e l ( r )  of the f i r s t  e igenvec tor  in the domain  of the c r i t i ca l  
va lues  of the p a r a m e t e r s  for  negat ive va lues  of fl accord ing  
to Tab le  1. 

AIi)Xi+I-! BI~ '- C[')Xi_, =A~)XiTI+B~i)Xi-~+C~>X{:I 

( i = l ;  2, 3 . . . . .  N - - l ;  N =  1/h; ] : - 1 ,  2, 3 . . . .  ), 

2ri 2r i 

= ' ' -~- h e M 2  , ~12 = = - - e h 2 ,  
r7 

B~;)= ~-  ~ .~/ '  ~.u .... ~:,.~ : - -  Re -!- l~n, ~a = - -  2eh2 ReaM, (5) 

H e r e  h is the coordinate  spacing,  AT is  the t ime  spacing,  the p a r a m e t e r  e v a r i e s  on the segment  [0, 1], 
the subsc r ip t  i r e f e r s  to a change in the coordinate  and j to a change in t ime ,  and I is the t h i r d - o r d e r  unit 
m a t r i x .  

The m a t r i c e s  A2(i), B2 (i), C2(i) a r e  analogous to the co r re spond ing  m a t r i c e s  Al(i), Bl(i) , Cl(i) except  
the p a r a m e t e r  ~ should be r ep l aced  by e - 1  in the re la t ions  for the e l emen t s .  

A t w o - l a y e r ,  s ix -po in t  pa t t e rn  in the t ime  was  used  to obtain the f in i t e -d i f fe rence  equation (5) with a 
second o r d e r  approx ima t ion  of the d i f ferent ia l  o p e r a t o r s .  

Under app rop r i a t e  boundary  conditions (5) is solved by the m a t r i x  fac tor iza t ion  method.  The p r o c e s s  
of de t e rmin ing  s u c c e s s i v e  approx ima t ions  in the t ime  in conformi ty  with the method used  to solve (5) is d e -  
noted by the o p e r a t o r  A so that  

.Xi=AXi-1 ( ]=1 ,  2, 3 . . . .  ). (6) 

An invar ian t  subspace  extended ove r  a s y s t e m  of th ree  co r re spond ing  e igenvec to r s  (see [6], Section 
3) is cons t ruc ted  to de t e rmine  the f i r s t  th ree  e igenvalues  of the f in i t e -d i f fe rence  p rob l em cor respond ing  
to (4). The c rux  of this cons t ruc t ion  cons i s t s  b r i e f ly  of  the following. A sequence  of a s y s t e m  of th ree  
mutua l ly  or thogonal  v e c t o r s  X (k = 1, 2, 3; j = 1, 2, 3, ) is cons t ruc ted  by choosing th ree  a r b i t r a r y  

0 " " " 

v e c t o r s  X b (k = 1, 2, 3) ( l inear ly- independent  des i rab ly)  of the d imens iona l i ty  3(N + 1) each.  

Or thogonal iza t ion  and no rma l i za t ion  of the v e c t o r s  dur ing the ca lcula t ion  a r e  p e r f o r m e d  in the gen-  
e r a l i z ed  sense  by m e a n s  of the re la t ionship" 
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TABLE 1. Values of the P a r a m e t e r s  of the P ro b l em  
for  which the Curves  r (r) a re  Computed in Fig. 3 

--0,52 
--0,75 
--1,0 
--2,0 

Curve 
number 

M 

0 3,16 
--0,261 3,41 
~0,342 3,76 

4,92 
6,20 
7,54 
13,0 

[ 
Re ' ~' I r~ 

i 

68,2 0,001 [ 1 
75,7 ~0,021 I 0,57 
87,5 --0,007 0 .51  
118 o,o021 0:41 
158 0;009 0,32 
205 --0 021 0 27 
433 0:003 0:16 

N 
No - ~ I r  (r~) ~ (rh)-- , .  ( r h ) , ~  (r,3] r,~h (n. m = l. 2: 3). (7) 

k=0 

The vec to r  sequence cons t ruc ted  in this manner  as j -~ ~ has the l imi ts  X k (k = 1, 2, 3) which lie in 
the above-ment ioned invariant  subspace.  Taking these  l imi t  vec to r s  as the basis  of the given subspace,  
a m a t r i x  L0{amn } of the induced opera to r  is cons t ructed  by means  of the exp res s ion  

a .... =(AX .... X,,) (n, m==l, 2, 3). (S) 

I t  is unders tood than in numer ica l  computations according to (8), the approximat ions  xJ  a r e  taken as n 
-Xn under  the condition r equ i r ed  for  the stabil izat ion of the i te ra t ion  p ro ce s s  (6). 

The eigenvalues of the m a t r i x  L 0 agree  with the eigenvalues of the p a r a m e t e r  qk (k = 1, 2, 3) of the 
problem (5), which a re  re la ted  to the des i red  eigenvalues ~k (k = 1, 2, 3) of the f in i te -d i f ference  problem 

(4) b y  means  of  the known express ion  

kh == q,,--1 (k = 1, 2, 3). (9) 
(1 - -  e-!- eqa ) hx 

The accuracy  of de termining the e igenvectors  is checked by the norm of the res idua l  ~ik (k = 1, 2, 3) 
of the las t  and the preceding t ime-approximat ions  of these vec to r s  

6a = V-CA~,, ~,), ~ =~lt~-q,~Ui, (k=:l, 2, 3; ] =  t, 2, 3 . . . .  ), (10) 

where  U~ a re  .eigenvectors of the problem represen t ing  l inear ly- independent  combinations of the approx i -  
mat ions  and X~, where  the components of the cor responding  e igenvectors  of the m a t r i x  L 0 a re  constants  in 

these  combinat ions.  

3. In conformi ty  with the conditions at which the Donelly exper iments  were  conducted,  le t  us p e r f o r m  
a computation for the ra t io  of the cyl inder  radi i  R2/R i = 2. In this case  the p a r a m e t e r s  in the exp res s ion  
for  the angular  veloci ty  r a r e  de te rmined  by means  of the re la t ions  

4[~-- 1 4([~-- li ~., (11) a =  ~ ;  b= ; ~=- -="  �9 
3 3 9--1 

F o r  cyl inders  rotat ing in one d i rec t ion  it is  sufficient  to consider  the change in the angular  p a r a m -  
e t e r  fl in the range 0 - fl ~ 0.25 in computations of the stabil i ty curve  in conformi ty  with the Rayleigh 

stabil i ty c r i t e r i on  for the inviscid case .  

When the cyl inders  ro ta te  in opposite d i rec t ions ,  the veloci ty  of the s teady flow of the fluid l aye r  at  
some point along the radius changes sign. The point at which the veloci ty  dis t r ibut ion curve  pas se s  
through ze ro  is cal led a nodal point. The radius  of this point is de te rmined  by the formula  

V b 11/-~ -1 (12) 
re  = - -  a = 2 V 4-V--1 " 

The sequence in the calculat ions to cons t ruc t  the s tabi l i ty  line (Figs. l a  and b) and the o ther  c h a r -  
a c t e r i s t i c s  of  the problem (Figs. 2 and 3) r educes  br ie f ly  to the following. F o r  a given value of the angular  
p a r a m e t e r  fl the neut ra l  pe r tu rba t ion  curve  Re = f(M) is computed.  The c r i t i ca l  value of the Reynolds 
c r i t e r i on  Re* and i t s  cor responding  wave number  M* a re  de te rmined  f rom the r e su l t s  of this dependence 

by quadrat ic  interpolat ion.  

86 



I t  is  seen  f rom Fig.  1 that  for  fl > 0 the s tab i l i ty  line a sympto t i ca l ly  app roaches  the l ine of the R a y -  
le igh  c r i t e r i o n  for  the inviscid  ca se .  Also p r e s e n t e d  in Fig. l b ,  in addition to the computed  curve ,  is a 
curve  of the expe r imen ta l  s tabi l i ty  dependence accord ing  to the data in [3] for  fl < 0. I t  is seen  that p r i o r  
to the va lues  -~22/v  ~ 20 the expe r imen ta l  and theore t i ca l  cu rve s  ag ree .  Th is  domain  is shown in Fig,  1 
in a s m a l l e r  sca le .  Le t  us note that  in this domain  the r e s u l t s  we obtained a lso  ag ree  comple te ly  with the 
r e s u l t s  in [2] in which the s tab i l i ty  cu rve  for  fl < 0 is computed up to the value ~ 2 / v  = - 6 .  The s tabi l i ty  
curve  we obtained for the va lues  - f ~ 2 / v  > 20 l i es  below the expe r imen ta l  curve .  

The na ture  of the s table  s econda ry  flows is  de sc r ibed  by the f i r s t  e igenvec tor  found for  va lues  of the 
ex te rna l  p a r a m e t e r s  c h a r a c t e r i z i n g  the neut ra l  pe r tu rba t ions .  P r e s e n t e d  in Fig. 3 a r e  the ampl i tude c h a r -  
a c t e r i s t i c s  of the s t r e a m  functions as  components  of the f i r s t  e igenvec to r  for  d i f ferent  va lues  qf the angular  
p a r a m e t e r  fl in the range  of c r i t i ca l  va lues .  

F o r  pos i t ive  values  of  fl the c r i t i ca l  value of the wave number  M* is independent of /3 and equals  
~ 3.15 (Fig. 2). In this case  the s table  vo r t ex  c o r e s  occupy the whole gap between the cy l inders  and the 
ve r t i c a l  spac ing  between the v o r t i c e s  (half the wavelength along the z axis  equals  w/M*) equals  the gap 
width AR. This  is ve r i f i ed  well  a lso  by the na ture  of the dependence e l ( r )  of the f i r s t  e igenvec to r  (see 
Fig.  3, cu rve  1 for /3 = 0, the p ic ture  will  be analogous for  other  va lues  fl > 0). 

F o r  the cy l inders  ro ta t ing  in opposi te  d i rec t ions  (/3 < 0) the nature  of the s table  s econda ry  flows 
should be compl ica ted  s ince two s teady flow zones or ig inate  in the gap between the cy l inders  in this case ,  
whose p r o p e r t i e s  a r e  not ident ical  r e l a t ive  to sma l l  pe r tu rba t ions .  Stable s econda ry  flows can or ig inate  
in the f i r s t  zone between the inner  cy l inder  and the nodal point,  for  definite va lues  of the ex te rna l  p a r a m -  
e t e r s .  All the pe r tu rba t ions  or ig ina t ing  in conformi ty  with the Rayleigh s tabi l i ty  condition for  the inviscid 
case  should damp out in the second zone between the nodal point  and the ou te r  cy l inder .  Indeed,  as  c o m -  
putat ions show (Fig. 3), t h e  p ic ture  of the poss ib le  s table  s econda ry  flows is not pa r t  of the d i ag ram p r e -  
sented above.  

An ana lys i s  of the cu rves  in Fig. 3 shows that  for smal l  absolute  value of/3 the seconda ry  flow vor tex  
is p ropaga ted  st i l l  m o r e  on both zones ,  being not iceably at tenuated in the d i rec t ion  to the ou te r  cyl inder  
(this can be e s t i m a t e d  by the s lope of the tangent  to the curve) .  The height of the core  along the z axis  
r e m a i n s  app rox ima te ly  equal to the gap width, as  be fore ,  for  these  va lues  of ft. 

As the absolute  value of fl g rows ,  the domain  of vo r t ex  local iza t ion  b e c o m e s  l e s s  than the gap width 
although it st i l l  r e m a i n s  somewhat  g r e a t e r  than the nodal d is tance .  At the s a m e  t ime ,  an additional vor t ex  
of cons ide rab ly  l e s s e r  in tensi ty  and opposi te  d i rec t ion  of ro ta t ion  (curves  3-5) a p p e a r s  behind the f i r s t  
v o r t e x  (cal led the p r inc ipa l  vor tex)  which enc loses  the f i r s t  and p a r t  of the second zones .  F o r  /3 = - 1  a l -  
r eady  two additional v o r t i c e s  or ig ina te  behind the pr inc ipa l  vo r t ex ,  where  the d i rec t ions  of vo r t ex  ro ta t ion  
change success fu l ly  to the opposi te  (curve 6). Fo r  fi = - 2  the number  of  addit ional  v o r t i c e s  i n c r e a s e s  a l -  
though the i r  in tensi ty  (with the except ion of  the f i r s t  additional vortex)  is p r ac t i ca l l y  ze ro  re la t ive  to the 
pr inc ipa l  vo r t ex  (curve 7). 

T h e r e f o r e ,  as  the cy l inders  ro ta t e  in opposi te  d i rec t ions ,  s t a r t i ng  with some  value of the angular  
p a r a m e t e r  fl, the s table  secondary  flows a re  c h a r a c t e r i z e d  by a mul t i eo red  s t r u c t u r e  in the rad ia l  d i r e c -  
tion. The height of the c o r e s  of this s t r u c t u r e  along the z axis  is de t e rmined  in conformi ty  with the m a g -  
nitude of the wave num ber  M* (Fig. 2). 

Ri,  R2, ~ l ,  f~2 
AR : R 2-R i 

r = R / A R  is the 
r 0 is the 
Re = ~21(AR)2/v is the 
v is the 
fl = f~2/~i is the 

= a + b / r  2 is the 

N O T A T I O N  

a r e  the rad i i  and angular  ve loc i t i es  of the inner  and outer  cy l inde r s ,  r e spec t i ve ly ;  
is the width of the gap between the cy l inders ;  

d imens ion les s  rad ius ;  
d imens ion les s  rad ius  of the nodal point;  
Reynolds  c r i t e r ion ;  
coeff ic ient  of k inemat ic  v i scos i ty ;  
angular  p a r a m e t e r ;  
angular  ve loc i ty  d is t r ibut ion  of s teady fluid mot ion ,  where  

%,13--1 b =  7 : ; L :  O~ A 1 0 1 
7 - - 1  ' 7 - - ' 1  ' , O r  'z ' r O r  ~-  r "z 

887 



lo 
2. 

3o 
4. 

5. 

6. 

L I T E R A T U R E  C I T E D  

C. C. Lin, Theory of Hydrodynamic Stability [Russian translation], IL, Moscow (1958}. 
S. Chandresakhar, nThe stability of viscous flow between rotating cylinders," Proc.  Roy, Soc., 
Ser. A, G. B., 246, No. 1246, 301-311 (1958). 
R. J. Donelly, Hydrodynamic Instability [Russian translation], Mir, Moscow (i964). 
A. L. Krylov and A. F. Misnik, Numerical Methods in Gas Dynamics [in Russian], Par t  2, MGU 
(1963). 
E. M. Sparrow, W. D. Munro and V. K. Johnson, "Instability of the flow between rotating cylinders: 
The wide gap problem,n J.  Fluid Mech., 20, 35 (1964). 
E. A. Romashko, Inzh. Fiz. Zh., 22, No. 4"-(1972). 

888 


